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Abstract 

Recently Lunin and Maldacena used an SL( 3, R) transformation of the AdS 5 x S 5 
background to generate a supergravity solution dual to a so-called /3-deformation 
of J\I = 4 super Yang-Mills theory. We use a T-duality-shift-T-duality (TsT) trans¬ 
formation to obtain the /3-deformed background for real /3 = 7, and show that 
solutions of string theory equations of motion in this background are in one-to-one 
correspondence with those in AdS§ x S 5 with twisted boundary conditions imposed 
on the 17(1) isometry fields. We then apply the TsT transformation to derive a 
local and periodic Lax pair for the bosonic part of string theory in the 7-deformed 
background. We also perform a chain of three consecutive TsT transformations 
to generate a three-parameter deformation of AdS$ x S 5 . The three-parameter 
background is dual to a nonsupersymmetric marginal deformation of AT = 4 SYM. 
Finally, we combine the TsT transformations with SL{2,R) ones to obtain a 6 + 2 
parameter deformation of AdS§ X S 5 . 


1 Also at Steklov Mathematical Institute, Moscow, frolovs@sunyit.edu 




1 Introduction 


In a recent paper Tj, Lunin and Maldacena have found a supergravity background which 
they have conjectured to be dual to a marginal deformation of J\f = 4 SYM sometimes 
called a (3 deformation 0 El El 13 Elia El- 

A relative simplicity of the Lunin-Maldacena supergravity background and the J\f = 1 
superconformal theory makes the conjectured duality a new promising arena for studying 
the AdS/CFT correspondence JHJ (HE H]- It is definitely worth to perform tests of the 
duality by using methods and ideas developed for the simplest example of the AdS/CFT 
correspondence between superstrings on AdS§ x S 5 and J\f = 4 SYM. One of such tests has 
been already performed in JX|, where the plane-wave limit of the /i-deformed background 
has been analyzed, and it has been shown that the spectrum of string theory in the pp- 
wave coincides with the spectrum of BMN-type operators |T2] in the /3-deformed J\f = 4 
SYM 0. 

The BMN operators are dual to heavy semiclassical string states which can be analyzed 
by means of semiclassical methods maim. It has been found in ra that there is a large 
class of multi-spin string solutions in AdS^, x S 5 whose energies in a special scaling limit 
admit an expansion in powers of the t’ Hooft coupling A, and, therefore, can be compared 
with perturbative anomalous dimensions of dual J\f = 4 SYM operators. 

Computation of conformal dimensions of “long” J\f = 4 SYM operators became feasible 
after it was realized in m that in the scalar fields sector the one-loop dilatation operator of 
J\f = 4 SYM coincides with the Hamiltonian of an integrable spin chain, and, therefore, one 
can use the Bethe ansatz for the chain to analyze the spectrum of the dilatation operator. 
The integrability of the complete one-loop dilatation operator was then demonstrated in 
d> and the higher-loop integrability of M = 4 SYM was discussed in [TBJ EH 2D, ED :22j, 
see m f° r a review and references. 

The Bethe ansatz for the dilatation operator allowed to perform comparisons of held 
theory and string theory results, first by matching energies of the explicitly known exam¬ 
ples of multi-spin string solutions in AdS^ x S 5 with conformal dimensions of J\f = 4 SYM 
operators EUEilEElEZlEElES!, and then in general by using the hidden relation of the 
integrable structures of the semiclassical string theory and the spin chain describing long 
SYM operators EniEIlElESlEl!, see [2Ej for a review and references. 

It is interesting to understand if similar comparisons can be performed for the Lunin- 
Maldacena case. It is known that the one-loop dilatation operators in several sectors of 
the /3-deformed J\f = 4 SYM theory can be identified with Hamiltonians of integrable spin 
chains mi Thus, anomalous dimensions of primary operators in these sectors can be 
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computed by means of the Bethe ansatz technique. 

On the other hand, in the approach of j31j . the integrability of string sigma model 
played a crucial role in the proof of the one- and, especially, two-loop agreement and 
three-loop disagreement ra between string theory and gauge theory computations. The 
Lax representation for superstring theory in AdS 5 x S 5 allows one to derive a sys¬ 
tem of singular integral equations called string Bethe equations mu eh which describes 
multi-spin string states. At one- and two-loops of SYM perturbation theory the string 
Bethe equations appear to be equivalent to the thermodynamic limit of the spin chain 
Bethe equations, thus providing a proof of the matching of multi-spin string energies with 
conformal dimensions of SYM operators. 

Our aim in this paper will be to find a Lax representation for strings in the /^-deformed 
background for real 3 = 7 , which can be used to derive the string Bethe equations. 

The /3-deformed background was derived from AdS 5 x S 5 by using the SL(3 , R ) sym¬ 
metry of type 11B supergravity compactihed on a 2-torus. On the other hand, if the 
parameter of the deformation is real, one can obtain the 7 -deformed background from 
AdS$ x S 5 by means of a T-duality transformation on a 1/(1) isometry variable c/q, a shift 
of another isometry variable, followed by another T-duality on ipi (I ]. 1 We will refer to the 
chain of these transformations as a TsT-transformation. Then, the solution with complex 
/3 is obtained by performing SL( 2, R) s transformations of the 10-dimensional type 11B 
super gravity. 

In this paper we will discuss the TsT-transformation in detail. In section 2 we re¬ 
derive the metric and the two-form held part of the Lunin-Maldacena background in 
the real deformation parameter case by using the TsT-transformation, and show that 
classical solutions of string theory equations of motion in their background are in one- 
to-one correspondence with those in the AdS$ x S 5 background with twisted boundary 
conditions imposed on the [/(1) isometry fields. An interesting property of the twist is 
that it depends on the conserved U( 1) charges of the model, and, therefore, the space of 
solutions is divided into sectors characterized by the charges. There is no twist if all the 
three charges are equal, R = R = R, and, therefore, all (J, J, J) string solutions can be 
obtained from usual periodic string solutions in AdS$ x S 5 . 

In section 3 we apply the TsT transformation to derive a local and periodic Lax pair 
for the bosonic part of string theory in the 7 -deformed background. 

In section 4 we discuss the Lax representation for the simplest reduction of the string 
sigma model in the Lunin-Maldacena background to two-spin string states in R x S^. 
These states are dual to operators from the simplest closed su(2) 1 subsector of the 7 - 

1 T-duality and shifts were used in EZi to derive Melvin-type solutions from flat space. 
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deformed J\f = 4 SYM that consists of operators made out of two holomorphic scalars. 

In section 5 we perform a chain of consecutive TsT transformations on each of the three 
“natural” tori of S 5 with different shift parameters 7 \ to generate a nonsupersymmetric 
deformation of AdS§ x S' 5 . If all the parameters 7* are equal to each other the deforma¬ 
tion reduces to the Lunin-Maldacena one. The three-parameter supergravity background 
should be dual to a nonsupersymmetric but marginal deformation of J\f = 4 SYM, and 
we discuss the scalar fields part of the deformed YM potential. Since a general Lunin- 
Maldacena transformation can be symbolically written as STsT S' -1 , where S denotes 
an SL( 2, R) transformation, we also get a 6+2 parameter solution from AdS 5 x S 5 by 
performing three consecutive STsTS transformations on each of the three tori. 

Our conclusions are summarized in section 6. 

In Appendix A we present the T-duality transformation in the form used in this paper, 
and in Appendix B we write down the 6 + 2 parameter deformation of AdS 5 x S' 5 . 


2 TsT-transformation 


In this section we consider string theory sigma model action on AdS$ x S' 5 , and derive 
the metric and the two-form field part of the Lunin-Maldacena background in the case 
of real (3 = 7 by using a T-duality on one circle of S' 5 , a shift of a second angle variable, 
followed by another T-duality. It is sufficient to know only the dependence of the string 
action on g mn and B mn to use it for the semiclassical analysis of multi-spin string states. 

Since the TsT-transformation involves only variables of S' 5 it is sufficient to consider 
the S 5 part of the string action that can be written in the form 



, da 
dr — 
2tt 


7 a/3 ( daTidpTi + rfdafadpfa ) + A(rf - 1) 


( 2 . 1 ) 


Here y/X = R 2 / a', R is the radius of S' 5 , A is a Lagrange multiplier, i = 1,2,3, and 
7"^ = y/—h h a P, where h a @ is a world-sheet metric with Minkowski signature. In the 
conformal gauge 7“^ = diag(—1,1) but we do not fix the world-sheet metric in this 
section. The action is invariant under the SO(6 ) group, and the three 17(1) isometry 
transformations are realized as shifts of the angle variables 0*. 

To derive the 7-deformed background it is convenient to make the following change of 
variables [T] 


01 = +3 - +2 , 02 = +3 + +1 + +2 , 03 = +3 - <Pl , +3 = 0- (2.2) 
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In terms of these new angle variables the action m takes the form 


S = 


Vx 


dT< ^n ^ Q/3 ( d ^ d ^ r i + 9ij da&dpipj) + A(rf - l)j , 


where the metric components gij are 

0 n = r% + r \, 

912 = r \, 


922 = r\ + r \, 033 = 1 , 


(2.3) 


(2.4) 


2 2 

013 = r 2 ~ r 3 , 


2 2 
023 = r 2 - r, . 


Then we make the T-duality transformation on the circle parameterized by (jp\. By using 
the formulas collected in Appendix A, we get the action for the T-dual theory 


S = 


Vx 


dr 


da 

27T L 


7 q/? {poJidpri + gijda&dpipj) - e^b^d^fidpipj + A(rf - 1) . (2.5) 


Here e 01 = 1, the T-transformed metric g and the skew-symmetric B-field 6 ,;, are given by 


9 n — —o ’ ■S' 22 — 

rj + r| 


1 . r?r? + r?r, 2 + r 2 rl (r| - r|) 2 

— j 033 — 1 -5—-> 012 — 013 — u j 

r| + r% 


r\ + r| 


2 r 2 r 3 — r l r 2 — r l r 3 


023 — 


r\ + r| 


bn — 


r 2 „2 _ 
2 h 

-3 ’ ° 13 “ „2 


r 2 ~ r 3 


r z _i_ r 


2 > ^23—0 


r 2 + r 3 

The T-dual variables Cpi are related to (pi as follows 

e^dpipx = 7 q/3 dgtpi g u 4* 0 n - 61 *, 


( 2 . 6 ) 


+2 = +2 , 


+3 = +3 


The relations (EH) are satisfied only on-shell, that means that their consistency conditions 
lead to the equations of motion for <pi and fy. 

Next, we make the following shift of the angle variable Cp 2 


+2 —> +2 + 7 +1 , 


(2.7) 


where 7 is any constant. After the shift the T-transformed metric g acquires the following 
form, g tJ —> Gif 


Q -1 

G 11 — 0 ii + 7 2 022 = ~ 2 ~;—2 ’ G 1 = 
r| + rf 

G 22 = 022 , G33 = 033 , G ] 2 = 7 022 

and the eq. ESD transforms into 


-1 ,~2 /22, 22, 2 2\ 

1+7 (rpr 2 + r 1 r 3 + r 2 r 3 ) , 

j G13 = 7 023 , G23 = 023 j 


011 - K ~ 7 ^a+1 &12 • 


( 2 . 8 ) 
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The final step is to make again the T-duality transformation on the circle parameterized 
by (p\. This leads to the string action on the 7 -deformed background 

S=~^y J dT ^ l 7 ^ + Gijdaifidpifij) - e^Bij d a (pidp(pj + A(r 2 - 1 )] . (2.9) 

The variables <p>i are related to the T-dual variables (pi as follows 

e al3 d l3 tp 1 = G u - e^dpfii b u d a p>i = G u - d a ipi B u , (2.10) 

<P2 = P>2 , <f3 = ■ 

The eqs. (ESI, EBD and (Ittud allow us to determine the following relations between the 
angle variables (pi and the TsT-transformed variables ipp 

daHPi = (giiGu + 7 bviBu — buj d a ipi — (ft/b^Gu + guBi^j 7 ' a p^ 1 d'y < Pi , (2.11) 
d a ip 2 = d a ip 2 - 7 B u d a <pi + 7 Guiape^d^tpi , 
d a p>3 = d a tp 3 . 


The 7 -deformed metric in El is given by 


Gij = G g tj , if both i,j ^ 3 ; G 33 = G g 33 + 9 f 2 G r\r 2 2 rl . 

It is easy to see from this form of the metric that in terms of the angle variables <fti, 
eq. El, the action takes the following simple form 


S = 


V\ 


dr 


da 

2tt L 


l ap ( daTidpri + G Vidafadpfa + 7 2 G rlrlrl (^ d a<fti) (^ d P^j) 


-2 7 G e aP (rlrldafadpfc + rlr 2 3 d a (ft 2 dp(ft 3 + rlr 2 d a (ft 3 dp(ft 1 ) + A(r? - 1) . (2.12) 


It is in this form the gravity background was written in [T . 

The relations EH also acquire a very nice and symmetric form being rewritten in 
terms of (ftp. 


d a (fti — G 
da4>2 — G 
da & 3 = G 


d a (fti + 7 2 r 2 r 2 ^ d a (ft t 
\ i 

d a (ft 2 + 7 2 r\rl ^ d a (fti 
k i 

d a (ft 3 + 7 2 rfrl ^ 


lla/3^ 1 (rld y <ft 2 
7 la/3^ 1 (/J^S 
77 apt 131 (rfd^<ft 1 



(2.13) 
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In next section we use these relations to find the Lax pair for string theory on the 7 - 
deformed background. 

To clarify the meaning of the relations (irm we compute the conserved U( 1) isometry 
currents for the string theories on the backgrounds under consideration 


J T 
J? 

ja 

ja 

J 3 


-V\ rl'fPdpii, 

—\f\r\ 7 a/3 G ^ dpcj)! + 7 2 rfrj dgd, - 7 
-V\rl^G ^d 0 (p2 + 

-V\rl^ al3 G (< 9 ^ 3 + f rlrl^d^i - 7 Ipp^ (r? 0 7 0 i 


(2.14) 





\ i / 

Comparing the relations dm with the expressions for the currents (EH, we see that 
m is just a statement that the U{ 1) currents of strings on S 5 are equal to those on 
the 7 -deformed background: 


J? 

J i 


J a 

d i ■ 


(2.15) 


We expect that the same relations hold for any two backgrounds related by a TsT trans¬ 
formation. 

To get more insight into the relations flZZEj let us consider them for the time and space 
components. The time component J? of the current Jf is just the momentum conjugated 
to the angle variable </>,, and the charge Jj is equal to the integral of over cr: 

Pi = J°, J ( - I Pi = X, l- f (2.16) 

Thus, the time component of the relations (EH5I) says that the momenta do not change 
under the TsT transformation: 


Pi = Pi • (2.17) 

To analyze the space component of the relations 42IHD, J} = J -, we express the time 

derivatives <9 o 0i = (j>i and 0 * through momenta pi and 77 , and substitute them into (12.151) . 
Then the relations J\ = J\ take the following simple form 

01 = 01 + 7 {Pi - Ps), (2.18) 

01 = 01 + 7 (P3 - Pi) , 

03 = 01 + 7 (Pi - Pi ), 


7 






where 
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is the deformation parameter that appears in held theory. Taking into account that 0 ? 
are angle variables, and integrating over a, we get the following twisted boundary 

conditions for the 17(1) variables 0* of the AdS 5 x S 5 theory: 

4>i( 27t) — 4>i( 0) = 2nrii, n t are integer winding numbers , (2.19) 

0i(27t) - 0i(0) = 27r(ni + 7 (J 2 - h)) , 

0 2 (2tt) - 0 2 (O) = 27t (n 2 + 7 (J 3 - Ji)) , 

0 3 (27t) - 03(0) = 27t (n 3 + t(Ji - J 2 )) • 

Since the equations of motion for the 17(1) variables have the form d a ,/" = 0 , d^ Jf = 0, 
the relations dump imply that if 0* solve equations of motion for strings in the 7 -deformed 
background then 0, solve those in AdS 5 x S 5 with the twisted boundary conditions (12.191) 
imposed on 0j, and vice versa. It is not difficult to check that the Virasoro constraints for 
both models map to each other under the TsT transformation, and, therefore, the energy 
of such a twisted string in AdS 5 x S ' 5 is equal to the energy of the corresponding string 
in the 7 -deformed background. The equivalence between closed strings in the 7 -deformed 
background and twisted strings in AdS§ x S 5 provides an efficient way of finding multi-spin 
strings on the 7 -deformed background by using the known results for the AdS§ x S 5 case 
[13123. In particular, many circular string solutions of [13123 formally satisfy string 
equations for noninteger values of winding numbers n*, and, therefore, the corresponding 
solutions of string equations for the 7 -deformed background can be obtained just by 
shifting the winding numbers of these circular strings by the twists (ixm We also see 
that if Ji = J 2 = J 3 then all the twists vanish, and, therefore, any solution with equal 
charges J\ = J 2 = J 3 in the 7 -deformed model can be obtained from a periodic solution 
in AdS 5 x S 5 , 2 Therefore, according to our discussion above, the energies of that string 
states in the 7 -deformed model and in AdS§ x S 5 are equal to each other. Note, however, 
that the solutions are different because given a solution in AdS§ x S 5 one should still 
integrate fl2UHP to fold a solution in the 7 -deformed model. 

For completeness we rewrite the relations A 2 HHD in terms of the angle variables ipt used 
in (Tj. We get 

= <p[ + 7 ^ 2 , 0 2 = - 7*1 > 0 3 = <P' 3 - ( 2 - 20 ) 

2 It is interesting that as was found in m the energy of the 3-spin circular string m with Ji = J 2 = J 3 
matches the conformal dimension of the dual CFT operator up to the 3-loop order. Generally, the 
agreement persists only up to the 2-loop order m- 









Here 77 are momenta conjugated to <pi. They are related to p. L as follows 


TTl = P2 - P3 , 7T2 = P2 ~ Pi , Ti = Pi + P2 + P3 ■ 

The twisted boundary conditions for the U( 1) variables Cpi of the AdS$ x S 5 theory, 

therefore, take the form: 

ipi(2n) - <pi( 0) = 2tt 77ii , (2.21) 

^i(2vr) - </5i(0) = 27r(mi +7 (J 2 - Ji)) , 

^ 2 (27t) - (^ 2 ( 0 ) = 27t (m 2 + 7(^3 - ^ 2 )) , 

^ 3 (27t) - ^ 3 (0) = 27t m 3 . 


3 The Lax pair 


In this section we use the known Lax representation for string theory on AdS 5 x S 5 , and 
the relations to hnd a local Lax pair for string theory in the 7 -deformed background. 

Since the AdS 5 part of the string action is not modified by the TsT-transformation we 
can restrict our attention to the sigma model on S 5 . 

A convenient parametrization of S 5 is provided by unitary skew-symmetric SU (4) ma¬ 
trices of the form (see, e.g. the second paper of H): 


( 

0 

a 3 

Ad 

A 2 

\ 


-AT 

0 

X* 

-X* 



-Ad 

-A 2 * 

0 

XJ 


\ 

-a 2 

X* 

-X* 

0 

/ 


det 9 = (mi 2 + imp + mi 2 ) 2 = 1 . ( 3 . 1 ) 


The equations of motion for the sigma model on S 5 follow from the usual action for the 
principal chiral held: 


S = j drdu 7 a/3 Tr (7 1 d a g g 1 dpg^j , 
and can be written in the form 


<W%) = 0, (3.2) 

where we introduce the right current 

Ra Q • 

The equations of motion (14.21) are equivalent to the zero curvature condition [SHI 35. SUtlSTlj 

[D a ,D p ] = 0, (3.3) 
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where the Lax operator depending on a spectral parameter x is defined as 


D n = d n 


Rt 


+ 


R~ 


= d n 


A a {x). 


2(x — 1) 2(x + 1) 

Here the self- and anti-self dual projections of R a are given by 

+ = (!+«%, (PV = sj> =f 


(3.4) 


(3.5) 


The same equations of motion also follow from another Lax operator defined with the 
help of the left current L a = d a g g~ x 


i) ; - <l - 


l+ 


— f) -A 1 


X 


2(1 -x) 2(1 + x) 

The two Lax operators are related by the following gauge transformation 


(3.6) 


g 1 D^g = d a - 


Rt 


+ 


R~ 


2 (^- 1 ) 2(1 + 1 ) 


= f) - A 


As 

K x' 


(3.7) 


The Lax operator m for the sigma model on S 5 cannot be used to derive a local Lax 
operator for the sigma model on the y-deformed background, because it is not invariant 
under the U( 1) isometry transformations, and, therefore, has an explicit dependence on 
the angle variables 0j. The dependence can be easily found if one notices that the matrix 
s(EU> can be represented in the following factorized form 


) = M(+9(r,)M+), A', = r,e^, 


(3.8) 


where 



^ 01 + 02 + 03 


0 


0 

0 

i 


0 


-01 - 

02 + 03 

0 

0 

2 


0 



0 


01 — 02 — 03 

0 


V 

0 



0 


0 

—01 + 02 


( 0 

r 3 

X1 

X 2 

\ 





~r 3 

0 

X 2 

—r i 



^ —1 



~r, 

~r 2 

0 

r 3 


5 

9 = -9 ■ 



V ^2 

r i 

~r 3 

0 

) 





\ 


9(ri) = 


Using this representation, we get 

Ra(riJi) = M~ l R a (ri,d4>i) M , 


(3.9) 
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where 


Rjr,, <900 = g 1 d a g + g 1 d a $ g + d a $ = - gd a g - g d a $ g + d Q $ . (3.10) 

It is clear that the dependence of the Lax connection 77 Q on the matrix M can be gauged 
away 3 * 


D a -»• MD a M- x = d a - U a , (3.11) 

TZ a = MA a M~ l - Md a M~ l = A a + d a $ . 

The gauged transformed Lax connection lZ a is, obviously, flat, and is invariant under 
the 17(1) isometries, since it depends on 0* only through d Q <pi. Now, to find the Lax 
representation for the sigma model on the 7 -deformed background all one needs to do is 
to express the angle variables, d a (f>i, of S 5 in terms of the angle variables, <9 Q 0j, of the 7 - 
deformed background by using the explicit relations (I2T31) . Since the TsT-transformation 
maps the equations of motion for the sigma model on S 5 to those on the Lunin-Maldacena 
background, the zero-curvature condition for the new Lax connection is equivalent to the 
equations of motion for the sigma model on the 7 -deformed background. 

The resulting expression for the Lax connection 7 Z a is rather complicated, and we 
refrain from presenting their explicit form. It is interesting, however, to understand the 
structure of the Lax component 77i, because the monodromy matrix T(x) is defined as 
its path-ordered exponential. An important property of 1Z\ is that it does not depend on 
the world-sheet metric 7 "^ if one expresses time derivatives of the fields 0 * and r, through 
their conjugated momenta. It follows from the fact that 

Rf = Ri T 71 A pP Rg = RiT 7 °% = Ri±P, (3.12) 

where P = —7 0,3 Rp is a matrix-valued momentum. The diagonal and off-diagonal parts 
of P determine the momenta of 0* and r\, respectively. The formula (EM allows us to 
present the Lax component Ri of (IXTTD in the form depending only on the coordinates 
and their momenta: 

77, = dxl + + 4^7- (3.1-3) 

x- — 1 x z — 1 

According to (ITT7D and (ESI) , the momenta are invariant under the TsT transformation 
and the coordinates <h are just shifted by the momenta. The formula ESP can be used 
to determine the asymptotic behavior of the monodromy matrix around x = ±1. The 

3 The gauge transformation is similar to the one used in |42 | to derive a local and periodic Lax 

connection for the Hamiltonian of strings on AdS$ x S 5 . 
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result in fact coincides with the one for strings in RxS 5 because all transformations we’ve 
done to derive (EH do not change the singular terms in the Lax connection at x — ±1, 
and, therefore, the asymptotic behavior. A potential problem with this form of 1Z\ is that 
it does not vanish at large values of the spectral parameter x, and that may make more 
difficult to study the large x asymptotic properties of the monodromy matrix. To study 
the asymptotics it is easier to make an inverse gauge transformation, and use a nonlocal 
and nonperiodic Lax connection EH) with the held g depending on (pi which satisfy the 
twisted boundary conditions (ixm Note, however, that the monodromy matrix is not 
similar to the path-ordered exponential of the Lax connection EH because the inverse 
gauge transformation is not periodic. It would be interesting to analyze the properties of 
the monodromy matrix and derive the string Bethe equations for the Lunin-Maldacena 
model analogous to those derived for strings in AdS§ x S 5 in muimiig. 


4 su(2) 1 subsector 


The simplest closed subsector of the 7 -deformed J\f = 4 SYM consists of operators made 
out of two holomorphic scalars. These operators are dual to two-spin string states in 
Rx which is a consistent reduction of the string sigma model on the Lunin-Maldacena 
background. We will refer to this subsector as the su( 2 ) 7 subsector. 

The su( 2 ) 7 subsector of the 7 -deformed model is obtained by setting r 3 = 0. It is easy 
to see that this reduction is compatible with equations of motion. The action EH then 
simplifies drastically 


S = 


VX 


da [ 
dr — 
2tt 


7 a0 {daVidpri + Grfdafadpfa) - 2e^^Gr\r\ d a (pidp(p 2 + A(rf - 1) (4.1) 


where i — 1 , 2 . 

This action can be obtained from the string action EH) on S 3 by means of the same 
TsT-transformation. The only difference and simplification is that one does not need to 
make any change of the angle variables (pi (i = 1 , 2 ). One should just make the T-duality 
on (pi , the same shift EH, and again the T-duality on <p\. The resulting relations between 
(pi and (pi acquire the following simple form 


d a (pi = G (d a (pi - 7 <9 7 0 2 ) , (4.2) 

d a (p 2 = G ( d a (p 2 + 7 rl'y a peP' y d 1 (pi) , 

G-^l + fr^ 2 . 


We will use these relations to obtain a local Lax representation for the equations of motion 
describing the su( 2) 7 subsector. 
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In the su( 2) 7 subsector formulas (12.1811 reduce to: 

0i = <t>i + 7 P‘2 , 02 = 02 - 7Pi, (4-3) 

and the twisted boundary conditions (EH take the form 

0i(27r) — fa( 0) = 27 mi, rii are integer winding numbers , (4-4) 

0i(27t) - 0i(0) = 27r(ni + 7 J 2 ) , 02(27t) - 0 2 (O) = 27T (n 2 - 7 J 1 ) . 


This shift of the winding numbers 77 is consistent with the spectrum of strings in the 
Lunin-Maldacena background in the pp-wave limit |I]. 

In the su( 2 ) 7 subsector the Lax connection can be written in terms of 2 x 2 matrices. 
We parameterize S ' 3 by unitary SU( 2 ) matrices of the form: 


9 = 


X i X 2 
-A* X* 


detg — |Xi | 2 + |X 2 | 2 — 1 


(4.5) 


The Lax operator for the sigma model on S 3 has the same form E3- It also has an 
explicit dependence on the angle variables fa. Representing the matrix g dH in the 
factorized form 


where 


g{ri,fa ) = M(fa) gin) M(fa ), Xj = fye 2 ^, 


(4.6) 


M = 


M = 


0 62^ 2 
e -|^ 2 0 

ei ^ 1 0 
0 e - ^ 1 


ei ^ 1 0 

0 e.-3^ 

0 ei ^ 2 
e -f ^ 2 0 


^ jW'2-01) 

e -^{<j>2-(t>l) Q 

0 giOb+TO 

g-f (01+02) Q 


9 = 


r 1 r 2 
-r 2 




(4.7) 


we get 


where 


Rain, fa) = M R a (ri, dfa) M , 


iX = 


^(^«02 - <9 q 0i) ct 3 + g 1 d a g - ^(d a fa + <9 Q 0 2 ) g 1 a 3 g. (4.8) 
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Gauging away the dependence of the Lax connection A a on the matrix, we obtain the 
Lax connection that depends only on d a (pi 

D a —> M D a M= d a — 1Z a , (4.9) 

n a = M A a M~ l - Md a M~ l = Aa + ^(<9 Q 0 2 ~ d a 4>i) cr 3 . 

The local Lax representation for the su( 2) 7 subsector is now obtained by expressing the 
angle variables, d a (pi, of S ' 3 in terms of the angle variables, d a 4>i, of the 7 -deformed 
background by using the explicit relations (S3. 

It is useful to express the Lax component 1Z\ in terms of the coordinates and their 
conjugated momenta. Introducing the parametrization 

r 1 = cos 6 , r 2 = sin 9 , 

and the re-scaled momenta (see EnD) 

Pi = -7 0a d a (f)i, p 0 = - 7 °“a a 6 », 

we get the following expressions for the Lax component 1Z\ of the 7 -deformed model 

1Z\ = ia 3 7li^ + iaiTZ^ + icr 2 izf\ ( 4 - 10 ) 

where 

02 - fe ^202 - r l4>l , X (P 2 - Pi) 

2 X 2 - 1 x 2 - 1 ’ 

nr 2 (fc + k) x (r 2 Pl + r 2 p 2 ) 
x 2 — 1 (x 2 — l)ri r 2 ’ 

x\> e + 6' 
x 2 -l ’ 

and 0 ' are expressed through 0 ' by using (S3). 

The Lax representation S3 for strings in R x S ’ 3 has been recently used to derive the 
string Bethe equations |43]. It has been shown that these equations coincide with the 
one- and two-loop Bethe equations for the spin chain describing the operators from the 
holomorphic su( 2 ) 7 subsector jj, Hj- This shows that, just as it was for Af = 4 SYM, 
in the 7 -deformed case there is a perfect match between string theory and field theory 
results at least for the simplest su( 2) 7 subsector. 


nf ] = 

n[ 1] = 
= 
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5 Multi-parameter deformations of AdS 5 x S 5 


In this section we use a chain of TsT transformations to generate a three-parameter de¬ 
formation of the AdS§ x S 5 supergravity background. In the case when all the parameters 
are equal to each other the deformed background reduces to the one-parameter Lunin- 
Maldacena background we discussed in the previous sections. At the end of this section 
we present a 4+2 parameter generalization of the complex [3 Lunin-Maldacena solution. 

We saw in section 2 that to obtain the 7-deformed supergravity background from AdS$ x 
S 5 by using a TsT transformation we had to choose a very special torus in S 5 . This 
choice is related to supersymmetry of the Lunin-Maldacena background but in general 
one may be interested in studying nonsupersymmetric deformations too. In that case, the 
choice of the torus looks rather superficial. On the other hand, in the parametrization 
of S 5 we use in m there are three natural tori: (0i,02), ( 02 , 03 ) and ( 03 , 0 i). A 
TsT transformation applied to any of these tori produces a very simple one-parameter 
deformation of AdS§ x S 5 similar to the sw(2) 7 subsector of the 7-deformed background 
we discussed in section 4 . One may ask how one could get the 7-deformed background 
by using TsT transformations on the three tori. The answer appears to be very simple. 
One should just perform a chain of three consecutive TsT transformations on each of 
the three tori with the same shift parameter 7. If we allow the TsT transformations to 
have different shift parameters + we get a nonsupersymmetric deformation of AdS§ x S 5 . 
The three-parameter supergravity background should be dual to a nonsupersymmetric 
but marginal deformation of J\f = 4 SYM. 

Since the details of the derivation are very similar to the case of the 7-deformed back¬ 
ground we present here only the final results. We apply the first TsT transformation with 
T-duality acting on the first angle 0 1 and the shift parameter equal to 73 to the torus 
( 0 i, 02), then the second TsT transformation with the shift parameter equal to 71 to the 
torus (02, 03 ), and finally the third TsT transformation with the shift parameter equal to 
72 to the torus (0 3 ,0i). 
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The resulting type IIB supergravity background written in string frame takes the form 


ds s tr = R 


ds 


ads 


( dr i + G r i d( t>i) + G r l r 2 r 3 ( 


(5.1) 


G 1 = 1 + 73 r i r 2 + 7i r 2 r 3 + 72 r 3 r i ) -R 4 = 47 re^°iV = y /\, a ' = 1 , 

e 2 ^ = e 2 *G, 

-B ws _ (73 r 2 d(f)i A d<p 2 + 71 ^2 r 3 d 4 > 2 A d(p 3 + 72 r 2 r 2 d 0 3 A d 0 i) , 

C 2 = —4 R 2 e _9io A 7j d(j)i, 7* = R 2 7;, dwi = CaS^sgCg da A dd , 


C 4 = 4i? 4 e ^ (u >4 + Gwi A 70i A dtp 2 A d0 3 ) , 

F 5 = 4i? 4 e“ </>0 (u>AdS 5 + Glo s s) , w S 5 = dwi A dtp! A d(j) 2 A d(j) 3 , u AdS5 = dw± , 


where we used the notations from [I]: c Q = cos a , s Q = sin a , r\ = cos a , r 2 = sin a cos 9, 
and Us 5 is the volume form of unit radius S 5 . We also applied the rules of T-duality 4 for 
RR fields [S] to find C 2 and C 4 . 

The relations between the angle variables of the three-parameter deformed background 
and those of AdS$ x S 5 are still given by (I2T51) . and can be used to find the Lax repre¬ 
sentation for the model in the same way we did in section 3. 

Introducing the momenta conjugated to the angle variables, the relations take the form 


Pi = Pi- (5.2) 

<P\ = (p[ + 73 P 2 - 72 P 3 , 

02 = 02 + 7l P 3 - 73 Pi , 

03 = 03 + 72 Pi - 7l P2 , 

where 7 j = ^fi/y/X are the deformation parameters that appear in field theory. 

Twisted boundary conditions for the 17(1) variables 0* of the AdS 3 x S 5 theory take 
the following form 


0i(27 t) — 000) = 2nrii, n t are integer winding numbers , (5.3) 

0 i( 2 vr) - 0 i( 0 ) = 2 vr(ni +73 J 2 - 72 7 3 ) , 

02 (2tt) - 02 ( 0 ) = 27t (n 2 + 7 i J 3 — 73 J\) , 

0 3 (2tt) - 0 3 (O) = 27r(n 3 + 72 Ji - 71 J 2 ) • 


We see that for generic values of the deformation parameters 7 j all the angular variables 
have nontrivial twists. 

4 Note that the standard signs of the B NS and C 2 T-duality rules were flipped in JI]. The T-duality 

rules CO match the choice made in |L. The author thanks Oleg Lunin for a discussion of this point. 
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Since the background EH breaks all of the supersymmetry of AdS 5 x S 5 , it should 
be dual to a nonsupersymmetric but marginal deformation of J\f = 4 SYM . 5 The bosonic 
part of the deformed YM potential should have the following form 6 


V 


Tr 

Tr 


[|$!$ 2 - e“ 2 ^ 73 $ 2 <f» 1 | 2 + |<f> 2 $3 - e“ 2 ^ 7l <f» 3 $ 2 | 2 

([$ 1 , $!] + $2] + [$ 3 ; ^3]) j 


+ | < f ) 3<f> 1 — e _2 * 7r72< f ) 1 <f> 3 | 2 ] 

(5.4) 


where are the three holomorphic scalars of J\f = 4 SYM. The potential can be obtained 
from the undeformed one by replacing the usual product 'hj'hj by the associative ^-product 
of [X]. It should be possible to obtain the fermionic part of the potential by the same 
procedure, and to check if the deformation is marginal at one-loop. It is known that the 
one-loop dilatation operator associated to the potential eh is described by integrable 
spin chains in the su( 2 ) 7i 7 and su( 3) 7i subsectors of the deformed YM model 7]. The 
existence of the Lax pair representation for the bosonic part of the string sigma model 
on the three-parameter deformed background implies that the sigma model is integrable 
too. It would be interesting to find the Bethe ansatz T7>J for the sw(3) 7i spin chain and 
string Bethe equations for the deformed background. 

The three-parameter deformed background (EH) has the same structure as the 7 - 
deformed one. In principle one can use SL( 2, R) s transformations to generate more general 
solutions [I] similar to the Lunin-Maldacena background with complex f3. In fact, since 
a general Lunin-Maldacena transformation can be symbolically written as S' (J Ts 7 TS'“ 1 , 
where S a denotes an SL(2 1 R) s transformation with a parameter a s , and Ts 7 T denotes 
a TsT transformation with the shift parameter 7 , we can get a 6+2 parameter solution 
from AdSs x S 5 by performing three consecutive STsTS transformations on each of the 
three tori. Let us also mention that the step involving S-duality departs from the world 
sheet treatment, see 03! for a detailed discussion. The 6+2 parameter solution appears 
to be rather complicated, in particular, it has nonvanishing G^a and G^g components of 
the metric. Its explicit form is given in Appendix B. Here we present a simpler solution 
with 4+2 parameters corresponding to the three 7 ,, one cr s , the dilaton 0o and the ax- 
ion xo- The solution generalizes the general supersymmetry preserving Lunin-Maldacena 
deformation of AdS§ x S 5 . It is worth noting that the 4+2 parameter solution cannot 
be obtained by using just one SL(3 , R) transformation of AdS 5 x S 5 . It is generated by 
performing the transformation S' 0 -TsT 7 l TsT 72 TsT 73 S'' 1 . 

To derive the solution we begin with the AdS§ x S 5 background with constant dilaton 

5 It is unclear if the deformation is marginal for finite N. 

6 The deformation is not supersymmetric and cannot be written in terms of Af = 1 superfields. 

7 The su{2) li subsector coincides with the szt(2) 7 subsector of the Lunin-Maldacena model. 
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and axion \i and perform the following SL( 2, R) transformation of the background 


X + ie = t - 

ri , ricrs r-i 

O4 > O4 — O4 


1 - CUT 


B 


NS 


b ns = b ns _ as c 2 ^ (5.5) 


■ o s C 2 A C 2 ■ 


The Einstein frame metric and the two-form C 2 remain invariant under this transforma¬ 
tion. It is worth mentioning that the parameter a s is not equal to the parameter a used 
in p. 

Then we perform the same chain of TsT transformations we used to generate the 
three-parameter deformed background (EH- Finally, we perform the inverse SL(2,R ) 
transformation with cr s replace by — a s in <Q. 

The resulting 4+2 parameter type IIB supergravity background written in string frame 
takes the form 


ds. 


str 


= R 2 H 1/2 


y & dpi 


20 _ 


B 


e 
NS 


C 2 = 

C A = 
F 5 = 


dslfr + y(dr 2 + Gr 2 dp 2 ) + Grfr 2 2 r 

i 

e 2 ^ 0 G H 2 , X = xo + e-^H-'Q, 

R 2 ^Gwb -4wi A E (7 i dpi'j , 

R 2 (Gwc-^Ayie-^i + Xodpdp^j , 

4 R 4 e~^° (w A + G(H — e^°XoQ) w \ A dpi A dp 2 A dp 3 ) , 
4i? 4 e ^ 0 (a )Ad,s 5 +Gu>s 5 ) ■ 


, (5.6) 


Here the functions G, H , and Q, and the parameters Pi, pi an d oy are defined as follows 

G- 1 = l + \k\ 2 rlr 2 2 + \~Pi\ 2 r 2 2 rl + \~p 2 \ 2 rlr 2 i, (5.7) 

H = 1 + of r\ r\ + a\ r\ r\ + d 2 r\ r 2 , 

Q = d 3 p 3 r\ r 2 + di7i r\ r 2 3 + a 2 p 2 r\ r\ , 

w B = 73 r\ r 2 dpi A dp 2 + 71 rf r\ dp 2 A dp 3 + p 2 r\ r\ dp 3 A dpi , 

Wc = Xo Ws - e^ 0 (cr 3 r 2 dpi A dp 2 + ay r 2 dp 2 A d0 3 + ay rg r 2 d</> 3 A dpi) , 

pi = i? 2 7i(l - Xo^s) = 7i(l - X0+,) , cq = R 2 e~' t>0 7iCr s = 7 i e“*°<7 s , Pi = pi - m . 

It is easy to see that if all 7 \ are equal to each other then the background coincides with 
the Lunin-Maldacena one provided the parameter a in jl] is related to a s as follows 


o = <r a 7, 7i = 7. 
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The 4+2 parameter background should be dual to a nonsupersymmetric marginal (at 
the large N limit) deformation of J\f = 4 SYM. ft would be interesting to find this dual 
nonsupersymmetric YM model. 


6 Conclusion 

In this paper we have discussed the TsT transformation of the AdS§ x S 5 background, 
and shown how it can be used to generate the Lunin-Maldacena supergravity solution in 
the case of the real deformation parameter 7 . We have used the TsT transformation to 
find the relation between the angle variables of AdS 5 x S 5 , and the angle variables of 
the 7 -deformed background, and used the relation to derive a local and periodic Lax 
representation for the 7 -deformed model. The existence of the Lax pair implies the 
integrability of the (bosonic part of) string sigma model on the 7 -deformed background. 

It is clear that it should be possible to apply the TsT transformation to the Green- 
Schwarz ^-symmetric superstring action on AdS 5 x S 5 pfTJj to generate the 7 -deformed 
background with all the supergravity fields included. To this end one can try to use 
the rules of T-duality formulated in [77: for the Green-Schwarz superstring. Then, the 
approach used in section 3 of this paper should lead to a local and periodic Lax repre¬ 
sentation for the complete Green-Schwarz sigma model on the 7 -deformed supergravity 
background. 

It would be interesting to use the Lax representation to analyze the properties of the 
monodromy matrix and derive the string Bethe equations for the Lunin-Maldacena model 
analogous to those derived for strings on AdS§ x S 5 in mu mi Hi- The string Bethe 
equations could be then compared with the thermodynamic limit of the Bethe equations 
for the 7 -deformed J\f = 4 SYM theory [7, E • It has been already done for the simplest 
su( 2) 7 case in [HHlj . 

As another interesting application of the TsT transformation we generated the three- 
parameter regular supergravity background by using a chain of TsT transformations ap¬ 
plied to different tori of AdS§ x S 5 . This background is expected to be dual to a non¬ 
supersymmetric marginal deformation of A/" = 4 SYM theory. It should be possible to 
perform a detailed analysis of the three-parameter background, and the dual conformal 
field theory. 

We also derived a 6 + 2 parameter deformation of AdS§ x S 5 by applying a chain of 
STsTS transformations to the three tori of S 5 . The type IIB supergravity solution is 
nonsupersymmetric, and it is important to check if it is perturbatively stable. Since it 
depends on the continuous deformation parameters one might expect that the background 
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is stable at least for small values of the parameters. It also would be interesting to find 
the nonsupersymmetric conformal deformation of J\f = 4 SYM model dual to this 6 + 2 
parameter background. 

It is of interest to generate other multi-parameter regular backgrounds by using a chain 
of the TsT and STsTS transformations applied to AdS 5 x S 5 , and other supergravity 
backgrounds with t/(l ) 3 isometry. In particular, one can consider nonsupersymmetric 
marginal deformations of theories based on toric manifolds HHUm ED- One can also use 
the TsT transformations to derive nonsupersymmetric deformations of supergravity back¬ 
grounds dual to nonconformal held theories such as the Klebanov-Strassler background 

m- 

In general, the Lunin-Maldacena type backgrounds and the TsT (STsTS) transforma¬ 
tion have many interesting properties which are worth studying. 
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Appendix A T-duality Transformation 


In this Appendix we present the T-duality transformation |4Bj in the form used in the 
paper. We start with the following string theory action 

S = I dr ^ [ 7 a0 d a X M d 0 X: N G MN {X i ) - e a0 d a X M d 0 X N B MN (X')\ . (A.l) 


Here e 01 = 1, M = 1,2,3..., i = 2,3..., and the background fields Gmn and B MN do 
not depend on X 1 . The action can be represented in the following equivalent form 


s=-Vx f dr- 

J 27T 
+^d a X%Xi ( 


p u 


Ga 


M G 1 M 


CTll 

GuGij — BuBij 


^e^dpX 1 


M BlM 


G 


11 


2 G 


11 


ol 3 

-lapP P 


(A. 2 ) 


G 


11 


-e ap d n X i daX j B 


GuB\j — BuG 


u^nj 


'ij 


G 


11 


Indeed, variating with respect to p a , one gets the following equation of motion for p a 


p a = 7 a %X M G 1M ~ e a0 d 0 X M B 1M 


(A.3) 


Substituting (D into (IA.2I) and using the identity e" 7 7 7 P e p/3 = 7 "^, we reproduce the 
action (HU). 
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On the other hand, variating with respect to X 1 gives 


d a p a = 0. 


(A.4) 


The general solution to this equation can be written in the form 


p a = e a,3 dgX ] , (A.5) 


(A.5) 


where A" 1 is the scalar T-dual to A" 1 . Substituting COj) into the action (H3, we obtain 
the following T-dual action 



where 



e^dpX 1 = r '{ al3 dgX M G\m 


yM n yi _ v* 

im ~ e Og,\ dim , A — A . 


Appendix B 6+2 parameter background 

The 6+2 parameter solution can be obtained by performing the transformation 



that is a chain of the three consecutive STsTS transformations on each of the three tori. 

The resulting 6+2 parameter type IIB supergravity background written in string frame 
takes the form 



i i 



+ 16 G + ((7 3 d 2 - 7 2+5)+ + (71 a-3 - 730-1)+ + (7261 - 71^2+3) , 

e 20 = e 2<Po GH 2^ x = ^ + e -0o H -lQ ; 

B ns = R 2 G (w B - 4wi A A b ) , 

C 2 = R 2 G (wc — 4 e~^° wi A A c ) , 

C 4 = 4 R 4 e~^° (w 4 + G(H — e'+o Q) w \ A d<t>i A +> 2 A d0 3 ) , 

F 5 = 4 R 4 e (u; Ads s + G uj 55) . 
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Here the functions G, H , and Q, and the parameters fa, 7 * and a, are defined as follows 


G - 1 


H 

Q 


w B 


A b 


w c 


A c 


7 * 


= l + \h?rlrl+\h\ 2r lrl + m 2 rlrl (B. 2 ) 

+ r l r l r l (( 7 sd 2 - 72d 3 ) 2 r^ + (7^3 - 7sdi) 2 r^ + (7^1 - 7 id 2 ) 2 r^) , 

= 1 + d| r? r'2 + d 3 2 rf r 2 + df r 2 r 2 , 

= 0773 r 2 r 2 + di7i r\ r\ + d 2 7 2 r§ r 2 , 

= [73 r-j r 2 + r 2 r 2 r| (^(73d 4 - 71 d 3 )r| + d 2 (7 3 d 2 - 7 2 d 3 )r!)] A d<j) 2 

+ [71 r 2 2 r% + r 2 r 2 r 2 (d 2 (7id 2 - 7 2 di)r 2 + d 3 (7id 3 - 7 3 di)rf)] d 0 2 A d 0 3 

+ [72 ^3 r 2 + r 2 r 2 r 2 (d 3 (7 2 d 3 - 7 3 d 2 )r 2 + di(7 2 di - 7id 2 )r 2 )] d(p 3 A dfa , 

= [07 + di(7 2 + d 2 )r 2 r 2 + ^2(7777 + did 2 )r 2 r 2 + ^3(7777 + dicr 3 )r 2 r 2 ] dfa 

+ [d 2 + d 2 (72 + d 2 )r 2 r 2 + ^1(7172 + did 2 )r 2 r 2 + ^3(7773 + d 2 d 3 )r 2 r 2 ] d(p 2 

+ [d 3 + 5-3(7! + °l) r i r 2 + cii(7i73 + did 3 )r!r! + 0-2(7273 + d 2 d 3 )rlrf\ dfa , 

= [(X73 - e “50 5- 3 ) r 7 r 2 _|_ e -0° r 2 r 2 r 2 (^(^3^ _ 7^3)^ + 72(730-2 - 72d 3 )r!)] dfa A d ( f ) 2 

+ [(X 7 i - e _0o o-i)r!r! + e - *Vir|rf (72(7107 - 7 2 di)r! + 73(710-3 - 73 di)r|)] d 0 2 A # 3 

+ [(X72 - e“ 0o 5 - 2 )r!r! + e^r^rl (73(7203 - 73^2)^ + 71(7207 - 7id 2 )r!)] d 0 3 A d(j) 1 , 

= [71 + 7 i( 7 i + d!)r!r! + 72(7172 + did 2 )r!r! + 73(7173 + did 3 )r!r!] dfa 

+ [72 + 72(72 + o‘ 2 ) r 3 r i + 71(7172 + 07cr 2 )r|r| + 73(7273 + d 2 d 3 )rfr!] dfa 2 

+ [73 + 73(73 + o r 3 ) r i r 2 + 7 i( 7 i 73 + di 5 - 3 )r!r! + 72(7273 + d 2 d 3 )r!r!] d 0 3 , 

= i? 2 7 ,(l - Xoo--) = 7 i(l - Xoo-*), d* = i? 2 e _ 5 ° 7 i ( 7 i s = fae~^a\ , fa = 7* - id*. 


The self-dual five-form F5 is expressed in terms of C4, C 2 and H as follows 

F 5 = dC 4 - A C2 . 
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